Abstract-Amperometric glucose sensors with nanoparticle (NP) electrodes promise fast and highly sensitive detection of glucose concentration in both in vivo and in vitro applications. Unfortunately, the performance of the sensors, as a function of NP geometry and glucose oxidase distribution, is not fully understood, making it difficult to optimize the sensors generally. In this paper, we derive an analytical relationship that explicitly correlates sensor performance to the elementary properties of the electrodes and oxidase. The compact model quantitatively reproduces the redox current associated with NP-based glucose sensors based on carbon nanotube and graphene-petal substrates that have previously been reported in the literature. The model will facilitate predictive design and optimization of NP-based amperometric biosensors that can eventually be integrated into wearable platforms.
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I. INTRODUCTION
A MPEROMETRIC biosensors detect the concentration of a chemical species a solution by measuring the faradic current generated by electrochemical oxidation/reduction of the corresponding analyte. The sensors offer many advantages, as the specificity of the electrochemical reaction makes them more selective compared compared to, for example, cantilever sensors. Unlike potentiometric sensors, the response of the amperometric sensor is not limited by charge screening [1] . Amperometric sensors are reliable and inexpensive, and therefore widely used in environmental, clinical, and industrial applications [2] , [3] .
An important application of amperometric biosensors involves glucose detection. After Clark et al. [4] developed the first glucose enzyme electrode in 1953, different research groups and companies have developed related technologies for numerous applications ranging from diabetes control to food analysis. In 1973, Guilbault and Lubrano [5] monitor in 2000 [6] . Apart from their use in an artificial pancreas, such sensors are now being integrated into complex multifunctional systems that detect glucose concentration in sweat, saliva [7] , and tears [8] , with the hope of obviating the need for repeated needle pricks for diabetes patients.
Modeling and theoretical understanding of enzymatic glucose amperometric biosensors with simple electrode structures are well established. Many analytical, numerical, and experimental studies have sought to optimize the sensor response for specific applications. For example, Baronas et al. [9] , [10] studied the effect of the enzyme membrane thickness and surface roughness on the response of planar amperometric biosensor structures. Brown and McShane [11] developed a mathematical model for single spherical fluorescent glucose microsensor and reported that the application of PSS/PAH films as thin as 12 nm can dramatically improve sensor performance.
Recently, various nanostructures have been utilized to enhance the performance of glucose sensors, anticipating the need for future integration in a wearable platform. In particular, nanostructured platinum (Pt) nanoparticle (NP) glucose sensors have shown promising performance [12] , [13] , especially at relatively low concentrations. Such results are hardly unexpected, because NPs are less susceptible to classical diffusion limits compared to planar sensors [14] . Also, these sensors are generally enzymatic, because they must be highly selective to analyte type and sensitive to analyte concentration.
As shown in Fig. 1(a) , Pt NP glucose sensors use an array of Pt NPs as the working electrode. Glucose oxidase (GO x ) enzymes are immobilized on each NP surface. GO x catalyzes the reaction between glucose and oxygen [Steps 1 and 2 in Fig. 1(c) ] to produce hydrogen peroxide (H 2 O 2 ) as a reaction product, that is
(1)
It is important to note that the nonenzymatic glucose oxidation on the bare platinum surface is too slow to contribute significantly to the H 2 O 2 flux produced by the enzymatic reaction. Only when the platinum surface is decorated with heavy metals (Tl, Pb, Bi, or WO 3 ), the catalytic activity for glucose oxidation increases (especially in acidic or basic conditions), and the parasitic current must be accounted for explicitly [15] . Therefore, although the nonenzymatic glucose oxidation effect has been neglected in this particular case, the model can easily be generalized to include this parasitic contribution, if necessary.
A fraction of H 2 O 2 reacts with the Pt NPs [Step 3 in Fig. 1(c) ], i.e.,
while the remainder diffuses into the bulk solution [ Step 4 in Fig. 1 The details of the fabrication process are discussed in prior work [16] , [17] . Such sensor structures offer the advantages of large electrode surface-to-volume ratio, unique molecule capture geometry, short response time, and enhanced mass transport and electrochemical response [18] .
A Pt NP amperometric sensor differs fundamentally from a classical sensor as follows.
1) The curvature of classical sensors is large enough and the glucose concentration is typically high enough to justify the assumption of 1-D diffusion of glucose toward the sensor surface [19] ; this approximation does not hold for NP amperometric sensors. 2) Glucose oxidase molecules in classical sensors are embedded within a membrane so that the reaction is distributed within the membrane volume. For NP sensors, the oxidation occurs directly on the NP surface. The two processes have very different kinetic response characteristics. 3) Most models of classical sensors presume that H 2 O 2 , once generated, is converted fully into the current. In other words, (2) is 100% efficient. While this may be true for classical sensors, the assumption has not been validated for NP-sensors. These geometrical and physical differences suggest that it would be inappropriate to use classical expressions to describe NP sensors. Moreover, the classical models are often numerical-making it difficult to extract the exact functional dependencies among various variables, such as electrode geometry, distribution of enzyme reaction centers on the NPs, and the diffusive crosstalk of the target molecules among the neighboring NPs.
The purpose of this paper is to develop a new analytical model that captures the essence of the glucose sensor with NPs array electrode structure and to correlate its steady-state current response explicitly to the geometrical, physical, and chemical parameters. The conceptual approach of breaking the complex reaction-diffusion kinetics into a series of elemental steps, describing each step analytically by concepts such as diffusion capacitance, and finally integrating the elements into a simple formula to solve the original problem, is general and can be used as a template to solve a broad range of other biophysical problems. In Section II, we describe the physics and assumptions of the model system. Section III validates the accuracy of this compact model by comparing the current response with experimental results. In addition, we discuss the implications of the model regarding scaling of the NPs and optimization of NP distribution. We summarize the conclusions drawn from the work in Section IV.
II. MODEL SYSTEM
As described in Section I, NP-based glucose detection can be modeled as a two-step process: 1) diffusion and reaction of glucose molecules assisted by GO x , as in (1) and 2) subsequent diffusion and reaction of hydrogen peroxide and generation of an amperometric signal, as in (2) . In the first step, glucose molecules diffuse toward and then react with GO x on the Pt NPs; the process is modeled mathematically in Section II-A. Because this process is diffusion limited, sensor geometry plays an essential role [20] . The second step discussed in Section II-B includes standard enzymatic reaction, and generation and diffusion of the intermediate product:
Section II-C gives the expression for total output current as a function of glucose concentration. Finally, since both experimental data and transient numerical simulation show that enzymatic glucose sensor reaches steady-state relatively fast (within several seconds), all equations derived in this section focus on steady-state response.
A. Diffusion and Reaction of Glucose Molecules

1) Diffusion of Glucose Molecules to the Pt NPs Surface:
Mass transportation of glucose in solution can be described by classical diffusion equation [21] dG dt
where G is the glucose concentration and D G is the glucose diffusion constant. The GO x is immobilized only onto the Pt NP surface. Therefore, the enzymatic glucose oxidation reaction occurs only on the NP surface. The surface reaction rate for glucose (R G ) is directly proportional to the enzyme density (E 0 ), glucose concentration at the sensor surface (G S ), and the forward reaction constant k f , so that
A direct 3-D numerical solution of (3) and (4) for the electrode geometries shown in Fig. 2 (c) and (e) is possible, but it would not be very useful as a tool for interpretation and optimization of sensor response. Two approximations simplify the problem dramatically and make it amenable to analytical solution.
1) First, faithful to the original geometry, the electrodes in Fig. 2 can be approximated as a periodic structure shown in Fig. 2(d) and (f). Specifically, with a low density of NPs on 1-D or 2-D substrates (case 1), cross diffusion among the NPs can be neglected, because the capture of glucose molecules by one NP is unaffected by its neighbors. Therefore, we model these Pt NP electrodes as isolated NPs (iNPs) within a unit cell shown in Fig. 2(c) . At higher densities, the NPs on a 2-D substrate (case 2) can still be approximated as being arranged in a periodic array, but cross diffusion cannot be neglected. At even higher densities of NPs on a 2-D substrate (case 3), the arrangement of the particles begins to resemble a fractal surface, which is accessible to analytical techniques, as described in [22] On the other hand, for high densities of NPs arranged onto a relatively low-density 1-D substrate (such as CNT, case 4), the particles are arranged densely along 1-D chains, as shown in Fig. 2(d) for electrostatic problems, thus allowing us to use the notion of diffusion-equivalent capacitance. Briefly, at steady state, the glucose diffusion equation reduces to D G ∇ 2 G = 0, which has the same form, mathematically, as Laplace's equation, ∇ 2 φ = 0 [23] . The solution of one equation can be mapped to that of the other by recognizing the mathematical equivalence of the electrostatic potential φ to the glucose concentration G and the permittivity to the diffusion coefficient D G . Similarly, one can define an analogous parameter to electrostatic capacitance (C) called "diffusion equivalent capacitance" (C D ) related to the solution of the diffusion equation [14] . Note that C D does not have the same units as electric capacitance, but does have a similar functional form. With these two approximations, we are ready to solve the diffusion equation (3) and (4) for the electrode geometry shown in Fig. 3 
where C iNP and C cNP are the diffusion equivalent capacitances, G 0 is the glucose concentration in the solution far from the sensor surface, G iNP S and G cNP S are the glucose concentrations near the sensor reaction center, and r Pt is the radius of nanosphere. The glucose flux is normalized either by the area of the individual spheres (iNP) or that of a closepacked nanosphere chain (cNP), behaving as a cylinder of length l.
Because the glucose oxidase enzyme molecules are randomly immobilized on the Pt sphere surface, a simple absorption sphere/cylinder model does not fully capture the physics of diffusion. We must instead model the individual spheres (radius r Pt ) decorated by N disk-like absorbers (radius r ez and thickness t ez ), where r ez r Pt [21] . We assume that the distance between each enzyme absorber (of the order of tens nanometers) is larger than their radii (typical value: 4 nm) but is smaller than the radius of nanosphere/nanowire (typical value: 75 nm). As glucose molecules diffuse in solution from large distances, they resolve the sensor geometry only as a classical sphere/cylinder. As the molecules diffuse closer to the surface, they can resolve the disk-like absorbers immobilized onto the NP surface. Over all the diffusion equivalent capacitance reduces to [21] , [24] (8) where N is the number of disk-like absorbers, l is the length of each nanowire, and W c is the pitch in between. Note that all the parameters are physical and readily determined from independent experiments.
At steady state, the reaction rate balances the diffusion flux. By equating (4) and (5) or (4) and (6), one obtains the steadystate glucose concentration at the surface of the NPs
The model neglects second-order effects, such as the size distribution and spatial randomness of NPs and GO x . We have also neglected diffusion distortion by the substrate and cross diffusion of glucose among neighboring NPs, which are simplifications of a complex environment whose reasonableness can be assessed with experimental validation of the model predictions. Indeed, despite these simplifying assumptions, we will see in Section III that the model explains the experimental results quite well.
2) Glucose Oxidation and Current Generation: The H 2 O 2 produced by the glucose reaction on individual nanosphere surfaces must now diffuse and react with Pt to generate useful signal current. Assuming sufficient supply of oxygen, we can use Michaelis-Menten kinetics [25] to model the glucose oxidation process. In steady state, the magnitude of the H 2 O 2 generation flux can be expressed as
where k c is the catalytic rate constant, E 0 is the enzyme surface density, K m is the Michaelis-Menten constant, and G s is glucose concentration at the surface, obtained from (9) and (10). Equation (11) provides an explicit solution of the H 2 O 2 flux generated as an explicit function of the sensor parameters.
B. Self-, Cross-, and Bulk Diffusion of Hydrogen Peroxide
Hydrogen peroxide generated in the preceding reaction will now diffuse in three dimensions into the solution until it reacts with the exposed Pt surface. The reaction could either take place on the same NP from which peroxide was generated (self-diffusion) or occur on a neighboring NP (cross diffusion or mutual diffusion). The remaining fraction will be lost to the bulk solution, unreacted, and swept away by the fluid flow.
Although the self-and cross-diffusion problems are complex, the concept of diffusion equivalent capacitance solves the problem of H 2 O 2 diffusion as efficiently as it did for glucose diffusion. Specifically, the ratio of H 2 O 2 flux moving toward and reacting on the sensor surface compared with total flux can be expressed as
where C in is the sensor self-capacitance, and C out is the diffusion equivalent capacitance in the solution.
1) Isolated NP Limit:
The hypothetical sphere [dashed line shown in Fig. 3(c) ] with radius of r Pt + t ez acts as a source of H 2 O 2 within each unit cell. Here, t ez is the average thickness of each GO x enzyme molecule immobilized on the NP surface. At steady state, the cross diffusion of H 2 O 2 fluxes from neighboring NPs cancel each other, so that the net flux at unit cell side boundary is zero. The H 2 O 2 molecules, however, can escape the system through the unit cell top boundary. Therefore, the self-capacitance C iNP in can be viewed as the capacitance between shell of radius r Pt + t ez and the inner sphere, while the bulk diffusion capacitance C iNP out is defined as the capacitance between the source shell and the unit cell top absorbing boundary, succinctly described by Karmalkar et al. [26] . Therefore, C iNP in and C iNP out are given as
where H is the height of the unit cell, and ζ is a correction factor given by Karmalkar et al. [26] Combining (11)- (14), the flux of absorbed H 2 O 2 on the surface of a Pt NP can be expressed as
2) Chain NP Limit: Similar to the iNP limit, H 2 O 2 molecules are modeled to be generated at a distance t ez away from the chain. The inward and outward diffusion equivalent capacitance is given as
where l is the length of each NP chain shown in Fig. 2(f) . W c is the pitch between NP chains, and H is the height of the unit cell shown in Fig. 3(d 
Equations (15) and (18) are the exact inward H 2 O 2 flux analytical expressions for iNP and cNP cases, respectively. They depend on reaction parameters such as k c , E 0 , K m , and G s as well as electrode geometry parameters such as r Pt , t ez , W c , and H . We emphasize that the parameters are physical, and unlike traditional models, the functional dependences are explicit.
C. Total Output Current
As a final step, we calculate the total output current by integrating the oxidative H 2 O 2 flux over the each platinum electrode surface area (S) and sum the contributions from all NPs as follows: 19) where N A is Avogadro's constant, M is the total number of NPs in the iNP limit and the number of nanowires in the cNP limit. The factor of 2 reflects the fact that every 1 mole of H 2 O 2 generates 2 moles of electrons (2).
III. RESULTS AND DISCUSSION
To validate the accuracy of the compact model, we compare the model prediction (19) to the experimental data for the sensor structures shown in Fig. 2(a) and (b) . Here, the substrate materials are: 1) CNTs and 2) MGPNs. The experimental data are reproduced from Claussen et al. [16] , [17] . In Appendix A, Table I summarizes the physical constants, and Table II lists the model parameters used to evaluate (19) . The predictive power of the model is obvious: based on the physical parameters (independently measured or obtained from literature), (19) captures almost perfectly the magnitude and the shape of the response curves for these NP sensors. In Appendix B, we also perform numerical simulation for cNP and iNP systems. The analytical solution and numerical simulation match well, validating the model developed in this paper. Fig. 4(a) shows the experimental data for the CNT NP amperometric sensor. For the low-density NP sensor, we find that the iNP model (red line) captures the experimental data (red triangles) with high fidelity based on the following model parameters: distance between NPs (W c = 4r Pt ) and the total number of NPs (M = 2.67 ×10 7 ), obtained directly from image analysis as explained by Claussen et al. [16] Here, we find a Michaelis-Menten constant of K m = 24.9 mol/m 3 , consistent with typical values reported in the literature [27] , [28] .
Similarly, in the high-density limit, the cNP model (black line) interprets the experimental data effectively, with the following model parameters: total length of NP chain l = 10 m (equivalent to 6.67 × 10 7 NPs lined up on a chain side by side) and the distance between chains W c = 6r Pt . For glucose concentration below 1 mM, our compact model slightly underestimates the experimental data. This reflects our assumption that a 1-D cylindrical nanowire can approximate dense array NPs arranged in a linear chain. Although the surface area of a chain of closely packed nanospheres equals that of a cylinder of equal radius, the curvatures are different. Therefore, a chain of nanospheres captures the analyte molecules slightly more effectively than its equivalent cylindrical counterpart.
The same Michaelis-Menten constant (K m = 24.9 mol/m 3 ) explains both high and low density cases, as expected. The linear correlation between glucose and output current holds for glucose concentration G < K m . At higher glucose concentrations, the output current begins to saturate to reflect the saturation of H 2 O 2 flux, as in (11) . Indeed, the turnover point can, therefore, be used as an indirect measure of K m . Fig. 4(b) shows how the model interprets one additional set of data on an MGPN substrate. In the experiment, field emission scanning electron microscopy (FESEM) images of the sensor surface reveal a ridge line of NPs with r Pt values of 86±5, 100±10, 100±10 nm (with smaller inter-NP length), and 300±50 nm. These NPs were obtained by changing the Pt electrodeposition current pulses from 0.625 to 5 mA [16] . We use the measured r Pt values as inputs to our model in (19) . For the electrodeposition current pulses of 0.312 and 0.625 mA, the NPs are essentially isolated. Thus, we use the iNP model to calculate the corresponding amperometric current. At 1.25 and 2.5 mA electrodeposition currents, FESEM micrographs indicated that the inter-NP length decreases, and the NPs begin to coalesce. Therefore, in this case, we apply the cNP model. At 5 mA electrodeposition current, the ridgeline NP chains were reported to expand in width and start to overlap with each other. The corresponding sensor output current falls between 1.25 and 2.5 mA cases. This phenomenon results from a conversion of sensor geometry from 2-D chain structure to 1-D plane (case 3). The individual signature of NPs is now erased, and therefore, the current is calculated by the traditional (planar sensor) model. We quantitatively discuss this transition phenomenon in Appendix B.
Of the three differences between planar sensors and NP sensors discussed in Section I as the motivation to develop a new compact model, the results above explain how the shapes/size of the NP and the surface reactions of H 2 O 2 influence amperometric current. Next, we wish to discuss the validity of the assumption that H 2 O 2 is fully converted into amperometric current, even for NP sensors. After all, as discussed in Section II, H 2 O 2 generated in one NP can contribute to redox reactions in neighboring NPs through reaction crosstalk. An important observation is that since the total current includes the sum of contributions from all NPs, it is irrelevant if H 2 O 2 generated from an NP returns to the same the NP to generate current locally (self-diffusion) or diffuses away to generate current in the neighboring NPs (mutual diffusion) shown in Fig. 3(c) and (d) . Instead, the magnitude of the current is determined by the ratio C in /(C in + C out ) [see (12) ], dictated by H 2 O 2 captured by the NPs (C in ) versus those that diffuses away from the NP and are lost into the solution (C out ). Indeed, if a significant fraction of H 2 O 2 diffuses away from the sensor surface (i.e., C out C in ), the faradic current reduces dramatically. We use the iNP model developed in Section II-B to discuss this issue quantitatively.
As shown in Fig. 5(a) , C out increases as a function of normalized r Pt ; however, compared with C in , the increase is somewhat smaller. In Fig. 5(b In addition, the analytical model developed here offers an opportunity to calculate the sensitivity of the total current as a function of various sensor parameters. As an illustrative example, Fig. 6(a) and (b) show that for a given number of NPs, the sensitivity increases with the square of the r Pt . The increasing surface area improves H 2 O 2 generation and charge collection, as expected. The sensitivity to other parameters, subject to various technology and physical constraints, can be evaluated as well.
Finally, even though our model was developed specifically for NP amperometric glucose sensor, the conceptual approaches we have used (e.g., dividing the problem into a series of elementary steps, periodic approximation of a random array, and use of diffusion equivalent capacitance) are general, and can be used as building blocks to address other geometrically complex nanoscale biochemical sensors that rely on diffusion and reaction of multiple species to achieve their functions.
IV. CONCLUSIONS
In this paper, we have developed an analytical compact model for amperometric glucose sensors with NP electrodes. This physics-based analytical model captures the functional dependence of the parameters of a NP glucose sensor and thereby can accurately anticipate the experimental trends reported in prior literature. The model not only suggests opportunities for further optimization, but can also be used to design complex integrated circuits involving different classes of sensors and other processing elements. APPENDIX A In order to validate the analytical formula developed in this paper, we simulate the iNP and cNP systems numerically with the aid of COMSOL Multiphysics. Fig. 7(a) and (b) compare the faradic current predicted by the analytical and the numerical models for both iNP and cNP cases. Specifically, we sweep G 0 from 10 to 60 mM and calculate the output current. It is satisfying to see that the analytical solution and numerical simulation solutions match very well, thereby validating the model developed in this paper.
B. Comparison Between Chain NP Electrode and Planar Electrode
To illustrate the claim that NP chains at very high density act like a planar electrode, we compare the responses of a cNP sensor and a planar sensor by using COMSOL simulation. As shown in Fig. 8(a) and (b) , the 2-D unit cells of those two systems have the same width and height. Our goal would be to vary size of the NP (r Pt ) with respect to the periodicity of the cell (W c ) to establish the transition density at which the faradic current of a chain of an NP (I cNP ) is indistinguishable from that of a planar sensor (I planar ). The top surface has a glucose concentration of G 0 = 50 mM and the rest of the boundaries are reflective. We assume that the glucose molecules are completely absorbed by the electrode, and then calculate the faradic current by integrating the flux over the electrode surface. The ratio of the current is shown in Fig. 8(c) . 2) For the iNP case, we may similarly calculate the sensitivity as a function of the radius of the NPs, while keeping the total surface area of all the NPs a constant. As shown in Fig. 10 , we find that the sensitivity increase slightly for small NP (r Pt < 10 −7 ), flattens out at the intermediate thicknesses, but then drops dramatically beyond a critical size (10 −6 m in this example). The optimal point occurs at r Pt ∼ 2 × 10 −7 m. The initial increase is due to the H 2 O 2 generation and recapture. As r Pt increase, there is a higher probability for the NP electrode to capture H 2 O 2 . However, when r Pt becomes very large, the glucose diffusion and reaction steps begin to dominate current generation. Surface glucose concentration G s decreases with increasing r Pt , which in turn, reduces the faradic response.
